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Abstract
The extreme Reissner-Nordstro¨m solution has a discrete conformal isometry that maps the
future event horizon to future null infinity and vice versa, the Couch-Torrence inversion isometry.
We study the dynamics of a probe Maxwell field on the extreme Reissner-Nordstro¨m solution in
light of this symmetry. We present a gauge fixing that is compatible with the inversion symmetry.
The gauge fixing allows us to relate the gauge parameter at the future horizon to future null
infinity, which further allows us to study global charges for large gauge symmetries in the exterior
of the extreme Reissner-Nordstro¨m black hole. Along the way, we construct Newman-Penrose
and Aretakis like conserved quantities along future null infinity and the future event horizon,
respectively, and relate them via the Couch-Torrence inversion symmetry.
Dedicated to the memory of Prof. Pushan Majumdar, 1972-2020.
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1 Introduction and summary of results
In general relativity, diffeomorphisms that preserve fall-off conditions near null infinity give rise to
the infinite-dimensional BMS group [1–3]. In recent years, it has been shown that there are closely
related infinite-dimensional symmetries consisting of large gauge transformations for quantum elec-
trodynamics (QED) [4, 5] in Minkowski spacetime. The gauge parameter is an arbitrary function
on the sphere I+(z, z¯) at future null infinity. These symmetries enable one to view soft photon
theorems in QED as associated Ward identities [6].
Related developments have found that stationary black holes also possess an infinite number
of symmetries in the near horizon region [7–20]1,2. Often, the symmetries are diffeomorphisms
that preserve a notion of the near horizon geometry or diffeomorphisms that preserve a particular
geometric structure on the horizon. Typically, a class of these symmetries is similar to supertrans-
lations at null infinity. It is believed that global charges associated with supertranslations receive
contributions from the horizon as well as from null infinity. A complete discussion of conservation
laws associated with supertranslations requires a detailed understanding of how the symmetries
at the horizon relate to the symmetries at null infinity. However, the precise relation between
the horizon and null infinity symmetries has not been sufficiently understood. It is therefore of
considerable interest to understand, say, even in a toy model, the relation between the horizon and
null infinity symmetries. The aim of this work is to make progress on this issue in the context
1The references are representative of the very large literature on the subject.
2The symmetry groups in the referenced papers do not necessarily coincide. This is so because different authors
preserve different structures: some prefer to preserve a particular geometric structure on the null surface, whereas
others preserve the near horizon geometry.
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of the dynamics of a probe Maxwell field on the extreme Reissner-Nordstro¨m (ERN) black hole
spacetime.
To some extent these issues were explored in [6,11], where electromagnetic soft-hair shockwaves
into the Schwarzschild black hole were considered.3 In these references, the gauge Av = 0 in
advanced Bondi coordinates was used. This gauge is natural in analysing how excitations from
past null infinity relate to excitations near the future horizon. However, since the advanced Bondi
coordinates do not cover future null infinity, the relation between gauge parameters at future null
infinity and the future horizon remains unexplored (at best indirect).4
The aim of this work is to overcome this shortcoming in a toy model. We hope that the
fundamental ideas will find broader applicability. Our toy model is the dynamics of a probe Maxwell
field on the exterior of the ERN black hole. The ERN background enjoys a discrete conformal
symmetry. The symmetry acts as a spatial inversion interchanging the future event horizon H+
and future null infinity I+: the Couch-Torrence (CT) inversion symmetry [22].5 This inversion
symmetry is the key property of the ERN spacetime used in this work.
A summary and the organisation of the rest of the paper is as follows. The CT symmetry and
its action on a probe Maxwell field is presented in section 2. In section 3 we present a study of a
CT invariant gauge fixing for the probe Maxwell field on the ERN background. We show that the
CT invariant gauge fixing is closely related to the harmonic gauge in an asymptotic expansion near
null infinity. Specifically, we show that in an asymptotic expansion, the harmonic gauge condition
is compatible with the CT invariant gauge condition. We then analyse the CT invariant gauge
condition near the horizon in an asymptotic expansion. We conclude that at the future horizon
too, the gauge parameter is an an arbitrary function on the sphere H+(z, z¯) independent of the
ingoing Eddington-Finkelstein coordinate v.
How are the two functions H+(z, z¯) and I+(z, z¯) related to each other? The CT invariant gauge
condition leads to a fourth order differential equation for the residual gauge parameter. The fourth
order equation is difficult to analyse. Motivated by the results of the previous sections, namely the
usefulness of the harmonic gauge and conformal transformations, we solve a simpler problem that
captures the essential ideas in section 4. We study the residual gauge parameter in the harmonic
gauge on a spacetime obtained by a conformal rescaling of the ERN spacetime. This spacetime has
two asymptotically flat ends (two future null infinities): one representing the future null infinity
3In a gravitational setting, references [12,21] consider throwing a soft-hair shockwave into the Schwarzschild black
hole.
4The importance of understanding this relation is emphasised by Chandrasekaran-Flanagan-Prabhu in [17].
5The CT inversion also interchanges the past event horizon H− and past null infinity I−. However, for most of
the paper we will be only concerned with the mapping between the future event horizon and future null infinity.
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Figure 1: Under the Couch-Torrence (CT) mapping, a purely ingoing configuration of a probe Maxwell
field on the extreme Reissner-Nordstro¨m (ERN) background (left) is transformed to a purely outgoing
configuration (right) and vice versa. Later in the paper we show that if the right configuration carries
soft charges at future null infinity, the ingoing left configuration carries soft charges at the horizon.
of the ERN spacetime and the other representing the horizon. The spacetime has the inversion
symmetry. We show that the gauge parameter smoothly extends from an arbitrary function on the
sphere from one null infinity to the other null infinity in such a way that H+(z, z¯) = I+(z, z¯).
In section 5 we present an expression for the global charge (often called the Iyer-Wald charge)
for the probe Maxwell field on the ERN spacetime. The charge integral is well defined when we
push the Cauchy surface to I+ ∪H+. The answer is written as a sum of two terms: one at I+ and
the other at H+. We argue that soft electric hairs on the horizon of the ERN spacetime follows
from the CT transformation of configurations that have soft electric hairs at null infinity, and vice
versa. This is schematically shown in figure 1.
Finally, in section 6 we construct Newman-Penrose and Aretakis like conserved quantities along
future null infinity and the future event horizon, respectively. These constants are related via the
CT inversion symmetry. This section is an extension of the corresponding mapping understood for
the massless scalar field on the ERN spacetime.
4
2 A probe Maxwell field on the extreme RN background
The ERN solution has a discrete conformal symmetry [22], which acts as a spatial inversion inter-
changing the future event horizon H+ and future null infinity I+. The significance of this inversion
map for scalar dynamics has been explored by several authors in the physics literature [23–29] and
in the mathematical general relativity literature [30]. In this paper, we are interested in the signifi-
cance of this inversion map on the dynamics of a probe Maxwell field. We are especially interested
in the transformation of the probe Maxwell field under this symmetry.
Let us consider the metric of the 4-dimensional ERN spacetime in static coordinates
ds2 = −
(
1− M
r
)2
dt2 +
(
1− M
r
)−2
dr2 + r2dΩ22, (2.1)
where dΩ22 is the line element of the 2-sphere. Throughout the paper, we will describe the metric
of the 2-sphere in terms of the complex stereographic coordinates (z, z¯),
dΩ22 = 2γzz¯dzdz¯ =
4
(1 + zz¯)2
dzdz¯ . (2.2)
The ERN metric in static coordinates admits a discrete conformal symmetry under the CT trans-
formation,
T : (t , r , z , z¯)→
(
t ,M +
M2
r −M , z , z¯
)
. (2.3)
The pull-back of this transformation on the metric acts as a conformal transformation
T∗(g) = ω2g where ω = M
r −M . (2.4)
The transformation equation (2.3) is an involution, i.e. T 2 = 1. On the tortoise coordinate r∗(r),
defined by,
r∗(r) = r −M − M
2
r −M + 2M log
( |r −M |
M
)
, (2.5)
it acts as T : r∗ → −r∗. This, in particular, implies that it interchanges the ingoing and outgoing
Eddington-Finkelstein coordinates v = t+ r∗ and u = t− r∗:
T : u↔ v. (2.6)
Hence, it can be concluded that the CT transformation through its action as a spatial inversion
interchanges the future event horizon H+ with future null infinity I+.
Let us now consider a probe Maxwell field on the ERN background. The probe field is different
from the Maxwell field under which the ERN black hole is charged. Let us denote the probe field
by Aa, with the corresponding field strength written as
Fab = ∂aAb − ∂bAa. (2.7)
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The field satisfies the source-free Maxwell equations
gca∇cFab = 0, (2.8)
where ∇a is the covariant derivative. Let us now consider a general conformal transformation of
the spacetime metric gab
gab → g˜ab = Ω2gab , (2.9)
with Ω being the conformal factor. In four spacetime dimensions Maxwell’s equations are known
to be conformally invariant
∇˜aFab → Ω−2∇aFab, ∇˜[aFbc] → ∇[aFbc] (2.10)
with conformal weight zero.
Using equation (2.4) in equation (2.8), it follows that,
0 = ∇aFab = T∗(∇aFab) = ∇aT∗(g)(T∗Fab) = ∇aω2g(T∗Fab) = ω−2(∇a(T∗Fab)). (2.11)
Thus, if Fab is a solution of Maxwells equations, then so is T∗Fab. Specifically, in coordinates, if
Fab(x) is a given solution in static coordinates xa = {t, r, z, z¯}, then
(T∗Fab)(y) =
(
∂xc
∂ya
)(
∂xd
∂yb
)
Fcd(x), (2.12)
is a different solution in static coordinates where ya =
{
t,M + M
2
r−M , z, z¯
}
. Since the coordinate
transformation only changes the radial coordinate, only the radial components of the two-form field
pick up additional factors. That is, if Fir and Fij for i = t, z, z¯ is a solution, then so is
Fir(t, r, z, z¯) = − M
2
(r −M)2Fir
(
t,M +
M2
r −M , z, z¯
)
, (2.13)
Fij(t, r, z, z¯) = Fij
(
t,M +
M2
r −M , z, z¯
)
. (2.14)
In terms of ingoing and outgoing coordinates, if Fvr(v, r, z, z¯) and Fzz¯(v, r, z, z¯) are components
of a given solution in the ingoing Eddington-Finkelstein coordinates then,
Fur(u, r, z, z¯) = − M
2
(r −M)2Fvr
(
u,M +
M2
r −M , z, z¯
)
, (2.15)
and
Fzz¯(u, r, z, z¯) = Fzz¯
(
u,M +
M2
r −M , z, z¯
)
, (2.16)
are the components of a different solution in outgoing Eddington-Finkelstein coordinates.
6
3 Eastwood-Singer Couch-Torrence invariant gauge condition
While solutions of Maxwell’s equations are invariant under conformal transformations, this property
does not extend to arbitrary gauge fixings of the Maxwell field. For instance, as is well known the
harmonic gauge ∇aAa = 0 is not conformally invariant [31]. Under conformal transformations
g˜ab = Ω
2gab,
∇aAa → ∇˜aA˜a = Ω−2 (∇aAa + 2ΥaAa) , (3.1)
where Υa = ∇a ln Ω . Tildes will be used to denote all conformally transformed objects.
A conformally invariant gauge choice for the source-free Maxwell equations was introduced by
Eastwood and Singer [32]:
DaAa := ∇b
(
∇b∇a − Sab
)
Aa = 0 , (3.2)
where
Sab = −2Rab + 2
3
Rgab. (3.3)
The invariance of equation (3.2) under conformal transformations for the source-free Maxwell
equations can be established via a straightforward, if somewhat, tedious calculation. Consider
∇b∇aAa and Sab terms separately. The conformal transformation of the tensor Sab defined in
equation (3.3) is:
S˜ab = Ω−4
(
Sab + 2∇(aΥb) − 2gab∇cΥc − 4ΥaΥb
)
. (3.4)
The conformal transformation of the term ∇b∇aAa is:
∇˜b∇˜aA˜a = ∇˜b
(
Ω−2 (∇a + 2Υa) A˜a
)
= Ω−4
(
∇b − 2Υb
)
(∇a + 2Υa)Aa (3.5)
Combining the above two results, the transformation of DaAa is,
D˜aA˜a = ∇˜b
(
∇˜b∇˜a − S˜ab
)
A˜a = ∇˜b
(
Ω−4Vb
)
, (3.6)
where
Vb =
(
∇b∇a − Sab
)
Aa + 2
[(
Υa∇b −Υb∇a
)
Aa +Ab∇aΥa −Aa∇aΥb
]
. (3.7)
Next we observe that for an arbitrary vector V a,
∇˜b
(
Ω−4V b
)
= Ω−4∇bV b. (3.8)
To demonstrate the conformal invariance of the Eastwood-Singer gauge, we use equation (3.8) in
the last expression of equation (3.6) to find
D˜aA˜a = Ω−4∇aVa = Ω−4
(
DaAa + 2Υb∇aFab
)
= Ω−4DaAa. (3.9)
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In arriving at the last equality, we made use of the source-free Maxwell equations ∇aFab = 0. Thus
equation (3.2) is invariant under conformal transformations.
This gauge condition is also invariant under the CT transformation on the ERN spacetime.
Denoting the CT transformed gauge field as T∗Aa, we have for the transformation equation (2.4),
0 = T∗ (DaAa) = ∇T ∗(g)b
(
∇bT ∗(g)∇aT ∗(g) − T∗(Sab)
)
T∗Aa = ω−4Da (T∗Aa) = 0. (3.10)
Hence, if Aa is gauge fixed by equation (3.2), then the CT transformed gauge field T∗Aa also
satisfies the same gauge condition.
We are now in position to discuss the residual gauge transformations for the Eastwood-Singer
gauge. Under the gauge transformations Aa → Aa + ∇a, the expression in (3.2) provides the
equation satisfied by the residual gauge parameter ,
Da∇a = ∇b
(
∇b+
(
2Rab − 2
3
Rgab
)
∇a
)
 = 0 , (3.11)
where  = gab∇a∇b = gab (∂a∂b − Γcab∂c) is the D’Alembertian operator on curved spacetimes.
Equation (3.11) simplifies on the ERN spacetime, for which R = 0 and ∇aRab = 0 (from Einstein’s
equations). As a result, equation (3.11) on the ERN spacetime becomes(
gab + 2Rab
)
∇a∇b = + 2Rab∂a∂b− 2RabΓcab∂c = 0. (3.12)
This is a fourth-order equation for  in the exterior of the ERN spacetime. Our interest in residual
gauge transformations is largely in the context of soft charges at the asymptotic boundaries of the
spacetime, namely at future null infinity I+ and the future event horizon H+. We also note that
if  is a function satisfying (3.12) then so is T∗.
To investigate possible solutions for  near I+ we use the ERN metric in outgoing Eddington-
Finkelstein coordinates
ds2 = −
(
1− M
r
)2
du2 − 2dudr + r2dΩ22. (3.13)
Let us quickly recall the discussion for the harmonic gauge. Inserting the ansatz [6],
(r, u, z, z¯) = (0)(u, z, z¯) +
1
r
(1)(u, z, z¯) +
1
r
f (1)(u, z, z¯) log
u
2r
+
1
r2
(2)(u, z, z¯) +
1
r2
f (2)(u, z, z¯) log
u
2r
+O(r−3), (3.14)
in the scalar equation  = 0, and expanding in powers of large r, we find the following equations
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order-by-order in inverse powers of r,
∂u
(0) = 0, (3.15)
∂uf
(1) = −1
2
D2(0), (3.16)
∂uf
(2) = −1
2
D2f (1), (3.17)
∂u
(2) =
1
2
D2f (1) − 1
2
D2(1) − 1
2
f (1) − 1
u
f (2). (3.18)
The first of these equations tells us that (0)(u, z, z¯) is independent of u: (0)(u, z, z¯) =: I+(z, z¯).
Using expansion (3.14) and equations (3.15)–(3.18), a calculation shows that the gauge condi-
tion (3.12) is satisfied in an expansion in inverse powers of r. Let us demonstrate how this works.
Inserting expansion (3.14) in equation (3.12), the leading order term is O(r−3), whereas the last
two terms of equation (3.12) start at O(r−6) and O(r−5) respectively. Hence, the last two terms do
not contribute at order O(r−3) and O(r−4). As a result, at these orders, the gauge fixing equation
simply becomes
 = 0. (3.19)
At order O(r−3) equation (3.19) gives,
∂2uf
(1) = 0, (3.20)
which is consistent with equations (3.15)–(3.18), in this sense that if those equations are satisfied
then (3.20) is also satisfied:
∂u(∂uf
(1)) = ∂u
(
−1
2
D2((0))
)
= −1
2
D2(∂u
(0)) = 0. (3.21)
At order O (r−4 log u2r) equation (3.12) or (3.19) gives,
∂2uf
(2) +
1
2
D2(∂uf
(1)) = 0. (3.22)
This is also consistent with equations (3.15)–(3.18) as,
∂2uf
(2) +
1
2
D2(∂uf
(1)) = ∂u
(
∂uf
(2) +
1
2
D2f (1)
)
= 0. (3.23)
At order O (r−4) the details are a little more cumbersome. One finds,
D2D2(0) + 2D2(0) + 4M∂u
(0) +
4
u
D2f (1) + 8∂uf
(1) + 4D2(∂uf
(1)) + 4D2(∂u
(1))
12∂2uf
(2) +
16
u
∂uf
(2) − 8
u2
f (2) + 8∂2u
(2) = 0. (3.24)
Again, one can check that this equation is consistent with equations (3.15)–(3.18).6
6The easiest way to confirm this is to substitute ∂u
(2) in (3.24) from (3.18).
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As argued above, if  is a solution to the gauge condition then so is T∗. The expansion of
(r, v, z, z¯) = T∗((r, u, z, z¯)), (3.25)
near the horizon takes the form, cf. (2.3),
˜(r, v, z, z¯) = ˜(0)(v, z, z¯) +
(r −M)
rM
{
˜(1)(v, z, z¯) + f˜ (1)(v, z, z¯) log
[
v(r −M)
2rM
]}
+
(r −M)2
r2M2
{
˜(2)(v, z, z¯) + f˜ (2)(v, z, z¯)
[
v(r −M)
2rM
]}
+O((r −M)3). (3.26)
Using ingoing Eddington-Finkelstein coordinates,
ds2 = −
(
1− M
r
)2
dv2 + 2dvdr + r2dΩ22, (3.27)
and substituting the series expansion (3.26) in gauge condition (3.12) we find that the first non-
trivial term appears at order (r −M)−1. The conditions at orders (r −M)−1, log
[
v(r−M)
2rM
]
, and
O(1) respectively give,
∂2v f˜
(1) = 0, (3.28)
∂2v f˜
(2) +
1
2
D2(∂vf˜
(1)) = 0, (3.29)
and
D2D2˜(0) + 2D2˜(0) + 4M∂v ˜
(0) +
4
v
D2f˜ (1) + 8∂vf˜
(1) + 4D2(∂vf˜
(1)) + 4D2(∂v ˜
(1))
12∂2v f˜
(2) +
16
v
∂vf˜
(2) − 8
v2
f˜ (2) + 8∂2v ˜
(2) = 0. (3.30)
These equations are identical to the ones obtained earlier in the expansion near null infinity. Thus,
we conclude that tilde variables satisfying equations (3.15)–(3.18) (with u replaced with v at all
places) determine the gauge parameter for ˜(r, v, z, z¯) near the horizon as well. At the horizon
limr→M ˜(r, v, z, z¯) = ˜(0)(z, z¯) =: H+(z, z¯): an arbitrary function on the sphere.
To summarise: near null infinity we take the ansatz (3.14) for the gauge parameter. The various
functions entering the expansion are taken to satisfy equations (3.15)–(3.18), which are those for
the harmonic gauge choice at null infinity. Such a choice is consistent with the Eastwood-Singer
gauge fixing (3.12). Next, using the CT inversion symmetry of the Eastwood-Singer gauge fixing
condition, we obtain expansion (3.26) near the horizon. The same functions enter the expansion
as near null infinity, except that at all places u is replaced by v. We conclude that CT inversion
allows us to consider gauge fixing such that at the future horizon too, the gauge parameter is an
an arbitrary function on the sphere independent of v. At this stage the two arbitrary functions on
the sphere H+(z, z¯) and I+(z, z¯) are not related. In next section we conjecture that it is natural
to expect that they are the same.
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It is an important question to explore how the above solutions for the gauge parameter are
consistent with the decay results for scalars in black hole spacetimes. Equally important is to
explore the asymptotic dynamics of Maxwell’s equation in terms of the gauge field Aa in the
Eastwood-Singer gauge on the ERN spacetime. We leave these questions for future work.
Note that the gauge parameter in the Eastwood-Singer gauge has conformal weight zero. This
is related to it satisfying a specific fourth order differential equation. The gauge parameter in the
harmonic gauge on the other hand satisfies a second order differential equation. If we require this
equation to be conformally invariant, then the conformal weight of the scalar should be one.
4 Hyperboloidal slicing and a toy model problem
In the previous section we showed that large gauge transformations on ERN spacetime consists
of the union of two types of transformations. First, where the gauge parameter is an arbitrary
function on the sphere independent of v at the horizon. Second, where the gauge parameter is an
arbitrary function on the sphere independent of u at null infinity. The two sets are related by the
CT inversion symmetry. A natural question to ask is if there is a smooth interpolation between
the two?
The Eastwood-Singer residual gauge parameter satisfies a fourth order differential equation.
It is difficult to analyse that equation. As we saw in the previous section, in an expansion near
null infinity the Eastwood-Singer gauge condition is compatible with the harmonic gauge condition.
For this reason, in this section, we study the residual gauge parameter in the harmonic gauge on a
spacetime conformal related to ERN spacetime as a toy model problem. We do so in a convenient
‘hyperboloidal’ slicing and show that H+(z, z¯) = I+(z, z¯) . We conjecture that the same is true
for the Eastwood-Singer gauge parameter in the ERN spacetime.
The hyperboloidal slices [33, 34] parameterised by coordinate s (introduced below) intersect
future null infinity along an outgoing null line at the retarded time u = s. They intersect the future
horizon at the advanced time v = s, however, the normal to the s = constant surfaces at the future
horizon is not null; it is timelike. The key point being that the slices intersect both the future null
infinity and the future horizon.
To set up these coordinates, we begin by introducing,
t˜ =
t
4M
and x = ln
( r
M
− 1
)
, (4.1)
in terms of which the metric takes the form,
ds2 =
16M2
(1 + e−x)2
(
−dt˜2 + cosh4
(x
2
)
(dx2 + dΩ22)
)
. (4.2)
11
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Figure 2: Schematic drawing of constant s spacelike surfaces in the ERN background. The surfaces
intersect the future null infinity along an outgoing null line at a finite retarded time u = s. At the future
horizon the surfaces reaches the advanced time v = s, however, the normal there is timelike.
In contrast to the exterior of the ERN, the spacetime described by the line element in the brackets
in equation (4.2),
ds˜2 = −dt˜2 + cosh4
(x
2
)
(dx2 + dΩ22), (4.3)
is geodesically complete with (t˜, x) ∈ R2. The Ricci scalar of this spacetime is zero.
This spacetime has two asymptotically flat ends: x → ±∞. Asymptotic flatness at any these
ends can be seen by introducing, say, ρ = cosh2
(
x
2
)
and taking ρ → ∞ limit. The reflection
symmetry x↔ −x is an isometry of the metric ds˜2. The x↔ −x is a conformal symmetry of the
metric ds2. This symmetry is precisely the CT symmetry discussed in the previous sections.
Next we introduce,
s = t˜− 1
2
(coshx+ ln(2 coshx)) , (4.4)
and foliate the spacetime by hyperboloidal surfaces of constant s. These surfaces are called hy-
perboloidal as their asymptotic behavior is similar to standard hyperboloids in Minkowski space-
time [34]. These surfaces are spacelike. The ERN metric in coordinates (s, x, θ, φ) takes the form,
gss = −g, gxs = −1
2
g(sinhx+ tanhx), (4.5)
gxx = g cosh
4
(x
2
)
sech2(x), gzz¯ =
2g
(1 + zz¯)2
. (4.6)
where we denote the conformal factor as,
g(x) =
16M2
(1 + e−x)2
. (4.7)
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The inverse metric components take the form
gss = −g−1sech2(x), gxs = −2g−1sech x tanh
(x
2
)
, (4.8)
gxx = g−1sech4
(x
2
)
gzz¯ =
1
2
g−1(1 + zz¯)2. (4.9)
From the component gss it follows that the normal to the constant s surface na has the norm,
n · n = gss = − 1
4M2
(1 + ex)2
(1 + e2x)2
. (4.10)
The norm goes to zero as x → ∞. Let us calculate the value of u where s = const hypersurface
intersects future null infinity as x→∞:
u = t− r∗ = 4Mτ −
(
r −M − M
2
r −M + 2M ln
( r
M
− 1
))
, (4.11)
= 2M
(
2s+ e−x + ln
[
2 coshx
ex
])
. (4.12)
Thus,
u→ 4Ms as x→∞. (4.13)
The s = const hypersurface approaches a finite point at null infinity as x→∞. A similar calculation
shows,
v = t+ r∗ = 2M (2s+ ex + ln [2 coshx ex]) . (4.14)
Thus,
v → 4Ms as x→ −∞. (4.15)
i.e., along the s = const hypersurface we approach a finite point at the future horizon x → −∞.
The norm of the normal n · n approaches −1/(4M2) as x → −∞. The slices are schematically
shown in figure 2. In the unphysical spacetime ds˜2 the slices become symmetrical with respect to
the left and right null infinities. This is shown in figure 3.
We consider the toy model problem (the residual gauge transformations for the harmonic
gauge),
˜ = 0, (4.16)
on the spacetime conformally related to the ERN spacetime described by metric (4.3). Introducing
r˜ ∈ (−∞,∞) such that,
r˜ =
∫
cosh2
(x
2
)
dx =
x
2
+
sinh(x)
2
, (4.17)
and then ρ ∈ (−∞,∞) such that,
t˜ = τ
√
(1 + ρ2), (4.18)
r˜ = ρτ, (4.19)
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Figure 3: Schematic drawing of constant s spacelike surfaces in a conformally rescaled ERN background
with line element (4.3). The surfaces intersect the future null infinity along the outgoing null line at a
constant retarded time u = s and the future horizon along the ingoing null line of constant advanced
time v = s.
metric (4.3) takes the form,
ds˜2 = −dτ2 + τ2
(
dρ2
1 + ρ2
+ τ−2f(ρ, τ)2dΩ22
)
. (4.20)
The function f(ρ, τ) is an implicit function of coordinates ρ, τ ,
f(ρ, τ) = cosh2
(
x(ρ, τ)
2
)
. (4.21)
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Figure 4: A graph of f(ρ, τ) as a function of ρ on the τ = 1 slice.
Consider the constant τ slice, say, τ = 1. The metric induced on the slice is
ds2slice =
dρ2
1 + ρ2
+ f(ρ, τ = 1)2dΩ22. (4.22)
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A graph of f(ρ, τ) as a function of ρ on the τ = 1 slice is shown in figure 4. In the limit ρ→ ±∞,
function f(ρ, τ = 1) behaves as limρ→±∞ f(ρ, τ = 1)→ |ρ|. Thus, in the ρ→ ±∞ limit the slice is
asymptotically Euclidean AdS3. The slice has two asymptotically AdS3 ends.
7 On the τ = 1 slice
consider
(ρ, θ, φ) =
∞∑
l=0
l(ρ)Ylm. (4.23)
The resulting equation for the function l(ρ) for a fixed l is,
(1 + ρ2)f(ρ)2′′l (ρ) + f(ρ)((2(1 + ρ
2)f ′(ρ) + ρf(ρ)))′l(ρ)− l(l + 1)l(ρ) = 0. (4.24)
In the asymptotic region ρ→∞, the “non-normalisable” solution goes as,
l(ρ) ∼ ρl 2F1
(
1 +
1
2
l,
1
2
l; l +
3
2
;−ρ2
)
, (4.25)
which becomes a constant in the ρ → ∞ limit. With a numerical integration, it can be readily
seen that as ρ goes from negative to positive values a symmetric l(ρ) can be found to smoothly
interpolate between the same constant values as ρ → ±∞. Thus, by summing over spherical
harmonics it follows that for this toy model problem, the gauge parameter functions (z, z¯) at the
two null infinities can be taken to be identical. We conjecture that the same can be done for
the Eastwood-Singer gauge condition at the future horizon and future null infinity in the ERN
spacetime.
Two comments are in order here. First, we have presented the above discussion on the τ = 1
slice, but in fact the discussion is independent of any fixed value of τ . To see this note that for any
fixed τ , the induced metric on the constant τ slice is
ds2τ = τ
2
(
dρ2
1 + ρ2
+ τ−2f(ρ, τ)2dΩ22
)
, (4.26)
where the function f(ρ, τ) is given in equation (4.21). Apart from an overall scaling, the relevant
property to understand the behavior of τ−1f(ρ, τ) as a function of ρ. In terms of the variable x it
is clear that {
ρ, τ−1f(ρ, τ)
}
=
{
1
τ
(
x
2
+
sinh(x)
2
)
,
1
τ
cosh2
(x
2
)}
. (4.27)
Figure 4 is precisely the parametric plot for τ = 1 of
{
1
τ
(
x
2 +
sinh(x)
2
)
, 1τ cosh
2
(
x
2
)}
. For τ 6= 1
both the x and y axis of the graph get rescaled by a factor of 1τ . In particular, for any τ in the
7Additional motivation for working with such a slicing and harmonic gauge fixing comes from the success of such
an approach at timelike infinity in flat space [35]. Working in the harmonic gauge, Campiglia and Laddha showed
that the angle-dependent large gauge transformations introduced at future null infinity have a natural extension in
the interior. The slices then can be pushed to timelike infinity. The gauge transformations at timelike infinity have
a well defined action on the asymptotic phase space of massive particles, and the resulting Ward identities are found
to be equivalent to Weinbergs soft photon theorem.
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limit ρ → ±∞, τ−1f(ρ, τ) goes as ρ. Thus, τ = constant slices all have two asymptotically AdS3
ends.
Second, in the τ →∞ limit the metric
ds2i+ =
dρ2
1 + ρ2
+ τ−2f(ρ, τ)2dΩ22, (4.28)
can be thought of as the blow up of the point i+ for the spacetime described by metric (4.3).8 It
can be readily checked that for any finite ρ 6= 0, τ−1f(ρ, τ) behaves as ρ in the τ →∞ limit. In the
neighbourhood of ρ = 0 it smoothly interpolates between the ρ > 0 and the ρ < 0 AdS3 regions.
Studies on interpolating asymptotic dynamics between two different asymptotic regions include
[38, 39]. The toy model example studied in this section calls for a corresponding study in four-
dimensional asymptotically flat settings.
5 Horizon hair and soft charges
For the Maxwell field on flat spacetime, it is now well appreciated that there exists large gauge trans-
formations parametrised by arbitrary non-vanishing gauge parameters on the asymptotic sphere at
null infinity [4, 6, 40]. As a consequence, there exist an infinite number of boundary symmetry
charges [17, 41]. In this section we present an expression for the global charge (often called the
Iyer-Wald charge) for the probe Maxwell field on the ERN spacetime.
For the electromagnetic field, with Lagrangian,
L = −1
4
∫ √−gFabFabd4x, (5.1)
the symplectic form as an integral over an arbitrary Cauchy surface Σ is,
Ω (A , δ1A , δ2A) = −
∫
Σ
(
δ1A
bδ2Fab − δ2Abδ1Fab
)
na
√
hd3x, (5.2)
where na is the future pointing unit normal to Σ. The total charge as the generator of gauge
transformations is given as,
δQ = Ω (A , δA , δA) . (5.3)
One finds,
Q =
∫
Σ
∇b (Fab)na
√
hd3x. (5.4)
On black hole spacetimes and in the absence of massive particles, a choice of Cauchy surface
is I+ ∪ H+. The Cauchy surface I+ ∪ H+ can be reached by taking the t → ∞ limit of constant
8The blow-up in the sense of Ashtekar-Hansen [36]. For a recent discussion of this blow-up in the context of
BMS-supertranslations at spacelike infinity see [37].
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t Cauchy surfaces Σt for the exterior of the ERN black hole. In previous sections, we argued that
H+(z, z¯) = I+(z z¯): the gauge parameter is the same function of the sphere coordinates at I+
and at H+. As a result, the charge integral (5.4) is well defined when we push the Cauchy surface
to I+ ∪H+. The total integral splits into two parts,
Q := lim{Σt→I+∪H+}
∫
Σ
∇b (Fab)na
√
hd3x (5.5)
=
∫
I+
∇b (Fab)na
√
hd3x+
∫
H+
∇b (Fab)na
√
hd3x (5.6)
= QI
+
 +Q
H+
 . (5.7)
In outgoing Eddington-Finkelstein coordinates (3.13), na
√
hd3x = δaur
2γzz¯dudzdz¯.With bound-
ary conditions,
Fij (u , r , z , z¯) = F (0)ij (u , z , z¯) +O
(
1
r
)
, (5.8)
Fir (u , r , z , z¯) = 1
r2
F
(0)
ir (u , z , z¯) +O
(
1
r3
)
, (5.9)
where i, j collectively stand for (u, z, z¯), the integrand at I+ becomes
∇b (Fab)na
√
h = −γzz¯ 0 (z , z¯) ∂uF (0)ru + ∂z
(
0 (z , z¯)F
(0)
uz¯
)
+ ∂z¯
(
0 (z , z¯)F
(0)
uz
)
. (5.10)
Hence the QI+ contribution in equation (5.7) takes the form,
QI
+
 = −
∫
I+
dudzdz¯ γzz¯ 0 (z , z¯) ∂uF
(0)
ru (u , z , z¯) , (5.11)
where 0 (z , z¯) is the limiting value of  on approaching I+. Equation (5.11) is the known expression
for the soft charge on asymptotically flat spacetimes in terms of a volume integral over I+ [4, 6].
In ingoing Eddington-Finkelstein coordinates, the integrand of equation (5.4) at H+ (r = M),
becomes na
√
hd3x = δavM
2γzz¯dvdzdz¯. With the boundary conditions,
Fij (v , r , z , z¯) = F¯ (0)ij (v , z , z¯) +O(r −M), (5.12)
Fir (v , r , z , z¯) = 1
M2
F¯
(0)
ir (v , z , z¯) +O(r −M), (5.13)
where i, j now collectively stand for (v, z, z¯), the integrand at H+ becomes
∇b (Fab)na
√
h = γzz¯ 0 (z , z¯) ∂vF¯
(0)
rv + ∂z
(
0 (z , z¯) F¯
(0)
vz¯
)
+ ∂z¯
(
0 (z , z¯) F¯
(0)
vz
)
. (5.14)
Hence, QH+ contribution to equation (5.7) takes the form,
QH
+
 =
∫
H+
dvdzdz¯ γzz¯ 0 (z , z¯) ∂vF¯
(0)
rv (v , z , z¯) , (5.15)
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in terms of a volume integral over H+.
Now we can see that the horizon soft charges follow from the CT dual of the null infinity soft
charges. We first note from equation (5.9) that CT transformation of r2Fru (u , r , z , z¯) is,
T∗
(
r2Fru (u , r , z , z¯)
)
= T∗
(
F (0) (u , z , z¯) +O
(
1
r
))
(5.16)
At leading order in (r −M), this becomes, via equation (2.15),
M2Frv (v , r , z , z¯) = −F (0) (v , z , z¯) +O
(
r −M
M
)
. (5.17)
Note that after the transformation, the function F (0) has arguments (v , z , z¯), but otherwise it is
the same function. As a result,
QH
+
 = −
∫
H+
dvdzdz¯ γzz¯ 0 (z , z¯) ∂vF
(0) (v , z , z¯) (5.18)
= T∗
∫
I+
dudzdz¯ γzz¯ 0 (z , z¯) ∂uF
(0) (u , z , z¯)
 = T∗ (QI+ ) . (5.19)
Hence soft electric hair on the horizon of the ERN spacetime follow from the CT transformation
on the soft electric hair at null infinity. This is schematically shown in figure 1.
It is natural to expect that the conservation law in the present setting takes the form
QI
+
 +Q
H+
 = Q
I−
 +Q
H−
 . (5.20)
If not on the ERN spacetime, it should be possible to make precise the conservation law following [42]
on the spacetime with two asymptotic flat ends considered in section 4.
6 Aretakis and Newman-Penrose constants
In this section, we write expressions for Aretakis and Newman-Penrose constants for a probe
Maxwell field in an ERN background and relate them via the inversion symmetry. This discussion
is an extension of the scalar analysis of refs. [24–28]; and is largely independent of the discussion
of the previous sections.
We start with the spherical harmonics decomposition of the Maxwell field Aa in the outgoing
Eddington-Finkelstein coordinates cf. (3.13). Expanding various components of the Maxwell field
in appropriate scalar and vector spherical harmonics we have both even (−1)l and odd (−1)l+1
parity terms, Aadxa = Aodda dxa +Aevena dxa, as
Aodda dxa =
∑
lm
αlm
(
∂zY
lmdz − ∂z¯Y lmdz¯
)
, (6.1)
Aevena dxa =
∑
lm
(
flmY
lmdu+ hlmY
lmdr + κlm(∂zY
lmdz + ∂z¯Y
lmdz¯)
)
, (6.2)
18
where Ylm are the standard scalar spherical harmonics satisfying,
2γzz¯∂z∂z¯Y
lm = −l(l + 1)Y lm. (6.3)
The coefficients in the decomposition, αlm , flm , hlm and κlm are functions of r, u. For now we
restrict ourselves to l ≥ 1, we comment on the l = 0 case separately below. Even and odd parity
perturbations can be fully described by one gauge invariant variable each. These variables satisfy
a decoupled wave equation [43] of the form,
2∂u∂rψl − ∂r (grr∂rψl) + l(l + 1)
r2
ψl = 0 , (6.4)
in outgoing Eddington-Finkelstein coordinates, and of the form,
2∂v∂rψl + ∂r (g
rr∂rψl)− l(l + 1)
r2
ψl = 0 , (6.5)
in ingoing Eddington-Finkelstein coordinates. For the odd parity perturbation ψl = αlm and for
the even parity perturbation ψl =
1
l(l+1)r
2(∂uhlm − ∂rflm). A small calculation shows that,
Foddzz¯ = −2αlm∂z∂z¯Y lm, (6.6)
Fevenur = (∂uhlm − ∂rflm)Y lm. (6.7)
Thus the ψl entering in the above equations are essentially (upto numerical factors) the magnetic
component Fzz¯ for the odd parity field and r2 times the electric field component Fur for the even
parity field. Let us denote the even and odd parity fields as ψ+l and ψ
−
l . In situations where the
distinction is not relevant, we simply denote the two field collectively as ψl.
We first demonstrate that the wave equation (6.5) in ingoing Eddington-Finkelstein coordinates
admits an infinite tower of Aretakis constants, one for each l at H+. Our construction parallels the
corresponding discussion in section 6.2 of [25]. Let f(r) be a smooth function that is non-vanishing
at the horizon, and without loss of generality we set the function f(r)
∣∣
r=M
= 1. Multiplying
equation (6.5) by r2f(r) and differentiating l times with respect to r and evaluating at r = M we
deduce that,
Al[ψl] =
M l−1
(l + 1)!
[∂lr(r
2f(r)∂rψ)]
∣∣∣∣
r=M
, (6.8)
is conserved along H+ for l > 0, provided the derivatives of the function f(r) at r = M are related
by the following set of equations,
f (k)
∣∣∣
r=M
= − 2(l − k)
2l + 1− k
(
r−1f
)k−1 ∣∣∣
r=M
, (6.9)
for 1 ≤ k ≤ l. Equations (6.9) determine the constants f (k)
∣∣∣
r=M
recursively. The Aretakis constants
(6.8) only depend on these derivatives and are independent of the specific choice of the function
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f(r). A rich class of configurations can be described by an expansion in powers of (r −M) near
the horizon as,
ψl(v, r) =
∞∑
k=0
ak(v)
(r −M)k
Mk
. (6.10)
We can readily calculate the form of the Aretakis charges for the solution of the form (6.10). It
gives,
Al = al + al+1 for l ≥ 1. (6.11)
We now construct the Newman-Penrose constants. A rich class of configurations can be de-
scribed as an expansion in inverse powers of r near null infinity in outgoing coordinates as,
ψl(u, r) =
∞∑
k=0
bk(u)
(
M
r
)k
. (6.12)
Inserting this expansion into equation (6.4) and looking at successive inverse powers of r gives a
set of linear equations. These equations can be expressed concisely in terms of Pascal matrices as
first discussed in [28]. We follow the same strategy. For a given l we look at the set of equations in
powers of r coming from the first l + 2 terms in the expansion (6.12), i.e., the first l + 1 equations
involving b0, b1, . . . , bl, bl+1. We organise these equations using (l + 1) × (l + 1) matrices whose
components are labelled by i = 0, 1, . . . , l. We consider the vector b whose components are bi,
and the vector b˙+ whose components are (b˙+)i = ∂ubi+1. The equations of motion can then be
summarised as
MNlb˙+ = [
1
2 l(l + 1)− Pl]b, (6.13)
where Nl is the diagonal matrix (Nl)ij = (i+ 1)δij and Pl is a lower triangular matrix with entries
(Pl)ij =
1
2 i(i+ 1)δi,j − (i2 − 1)δi,j+1 + 12(i− 2)(i+ 1)δi,j+2.
The matrix Pl can be diagonalised as
Pl = LlTlL
−1
l , (6.14)
where Tl is a diagonal matrix with entries (Tl)ij =
1
2 i(i+ 1)δi,j . The matrix Ll can be written as a
product of two matrices Jl and L˜l, Ll = JlL˜l. The matrix Jl has components
(Jl)ij = (i+ 1)δi,j , (6.15)
while L˜l has components,
L˜l =
1 0
0 i−1Cj−1
 , for 1 ≤ i, j ≤ l, (6.16)
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where pCq are the binomial coefficients. The (L˜l)ij components for i, j ≥ 1 are those of the Pascal
matrices [44]. The inverse of Ll is thus L
−1
l = (L˜l)
−1J−1l , where J
−1
l has components (J
−1
l )ij =
1
i+1δi,j ,
while (L˜l)
−1 has components
L˜l =
1 0
0 (−1)i+j−2 · i−1Cj−1
 , for 1 ≤ i, j ≤ l, (6.17)
It follows that
ML−1l Nlb˙+ = [
1
2 l(l + 1)− Tl]L−1l b. (6.18)
Since, the last component of the matrix Tl is
1
2 l(l + 1), the right hand side of the last component
of this matrix equation is zero. It implies conservation of (L−1l Nlb+)l. A short calculation shows
that this quantity is,
Nl =
l∑
i=1
(−1)l+i−2 · l−1Ci−1bi+1, for l ≥ 1, (6.19)
∂uNl = 0. (6.20)
The constants Nl at null infinity are called the Newman-Penrose constants. Newman and Penrose
in [45] wrote their expressions as surface integrals over I+ for arbitrary l. They can be seen to be
related to be constants derived above.
Let us now comment on the l = 0 mode. For l = 0 we only have the even field component,
Aevena = (f00(u, r), h00(u, r), 0, 0) . (6.21)
This provides only one Maxwell field component,
Fur = (∂uh00 − ∂rf00) =: β00. (6.22)
Maxwell’s equations simply become,
∂r
(
r2β00
)
= 0,
∂u (β00) = 0. (6.23)
These equations have the solution
β00 =
c
r2
, (6.24)
where c is a constant — the electric charge. A similar analysis holds for the ingoing Eddington-
Finkelstein coordinates. Thus, the l = 0 Aretakis constant and the l = 0 Newman-Penrose can be
taken to be the electric charge.
We now discuss how the Aretakis charges map to Newman-Penrose charges under the CT
transformation. To do so, we recall that a solution of the probe Maxwell field near I+ can be
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determined from a known solution at H+ and vice-versa. The CT transformation on Fru acts as,
cf. (2.15),
T∗
(
r2Frudrdu
)→ −T∗ (r2Frv) drdv, (6.25)
and the other non-radial components of the electromagnetic field are unaffected. As a result, the
even parity field ψ+l picks up an additional minus sign and the odd parity field remains the same.
With this understanding, let us now work out the CT transformation of the class of configurations
described by equation (6.10). We have,
ψl(u, r) = T∗ψl(v, r) = T∗
( ∞∑
k=0
ak(v)
(
r −M
M
)k)
=
∞∑
k=0
ak(u)
(
M
r
)k (
1− M
r
)−k
=
[
a0 + a1
M
r
+ (a1 + a2)
(
M
r
)2
+ (a1 + 2a2 + a3)
(
M
r
)3
+ · · ·
]
. (6.26)
Comparing equation (6.26) with equation (6.12), we find the transformation between coefficients
ai and bi,
b = L˜la, (6.27)
which implies,
b+ = Lla+, (6.28)
where Ll is simply the lower triangular Pascal matrix. In the discussion after equation (6.18) we
noted that the (l+ 1)-th component of the column matrix L−1l Nlb˙+ provides the Newman-Penrose
constants. It then follows that the Newman-Penrose constants for the transformed solutions are
the (l + 1)-th component of the vector,
L−1l NlLla+. (6.29)
A short calculation gives the Newman-Penrose constants for the transformed configuration as
Nl = al + al+1, (6.30)
which are nothing but the Aretakis constants.
Finally, let us discuss the time-independent solutions of the scalar wave equation. We consider
the wave equation in {t , r , z , z¯} coordinates. For l ≥ 1, the odd and even parity equations both
take the form,
[−∂2t + ∂2r∗]ψl(t, r) = grr l (l + 1)r2 ψl(t, r). (6.31)
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The l 6= 0 time independent solutions of equation (6.31) are
ψl(r) =
1
(r −M)l+1 ((l + 1) r −M) , (6.32)
ψl(r) = (r −M)l(M + lr). (6.33)
Under the CT transformation, one static solution goes to the other,
T∗
(
(r −M)l(M + lr)
)
=
M2l+1
(r −M)l+1 ((l + 1) r −M) . (6.34)
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